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Fig. 2. A schematic overview of the system. a., During training, we train RL policies for quadrotor low-level control tasks in simulation. (a) A custom
simulator serves as a training environment, providing full access to the quadrotor’s dynamics and state. (b) A monolithic end-to-end policy directly outputs
total thrust f and moments M . (c) Two specialized modules independently control translational and yaw motions, each selecting the optimal action based on its
local observations. b., When transferring trained policies from simulation to the physical world, the sim-to-real gap arises from mismatches between simulation
and reality. To bridge this gap, domain randomization is applied during the training phase. (d) An indoor flight test facility at the Flight Dynamics and Control
Lab, GWU for real-world deployment. A supplementary video of the RL training and real-world experiments is available at https://youtu.be/TGBQTuKpbAw.

from the body-fixed frame to the inertial frame, and the
angular velocity resolved in the body-fixed frame is denoted
by Ω = [Ω1,Ω2,Ω3]

T ∈ R3. Thus, the state variable for the
monolithic model is defined as smono = (x, v,R,Ω) ∈ Smono =
R9 × SO(3).

Next, the action variable is defined as a four-dimensional
vector composed of the total thrust f ∈ R and the control
moment M = [M1,M2,M3]

T ∈ R3 resolved in the body-
fixed frame, and it is denoted by amono = (f,M) ∈ Amono =
R4. Here, the thrust of each motor Ti is determined by the
following mixer matrix,

T1

T2

T3

T4

 =
1

4


1 0 2/d −1/cτf
1 −2/d 0 1/cτf
1 0 −2/d −1/cτf
1 2/d 0 1/cτf




f
M1

M2

M3

 . (11)

where d ∈ R represents the distance between b⃗3 and the center
of any rotor, and cτf ∈ R is a constant that relates the thrust
and the resulting reactive torque.

Rotational Equivariance: As illustrated in Figure 1, con-
sider the group G = SO(3)e⃗3 , which corresponds to the group
of planar rotations SO(2) embedded in SO(3) as a subgroup
by fixing the axis of rotation to be the third inertial axis e⃗3.
The group action of G on R3 or SO(3) can be expressed by
matrix multiplication, with the following representation. Let
ρθ : G → R3×3 be a group representation of G parameterized
by the rotation angle θ ∈ (−π, π]. Its action on v ∈ R3 can
be written as

ρθ(g)v = exp(θê3)v =

cos θ − sin θ 0
sin θ cos θ 0
0 0 1

 v. (12)

Next, we demonstrate that the quadrotor’s full dynamics
(7)–(10) is symmetric with respect to G. The group action of
G on Smono and Amono is defined by

gsmono = (ρθ(g)x, ρθ(g)v, ρθ(g)R,Ω), (13)
gamono = (f,M). (14)

This corresponds to rotating the complete system about the
vertical axis e⃗3 by the angle θ. In other words, g operates

on (smono, amono) by rotating x, v, and R, but leaves Ω, f ,
and M unchanged. Here, Ω and M remain unaffected by
the rotation as they are resolved with respect to the body-
fixed frame. However, when perceived from the inertial frame,
the angular velocity is rotated from ω ≜ RΩ ∈ R3 into
ρθ(g)RΩ = ρθ(g)ω by the group action. Similarly, M is
actually rotated in the inertial frame. Also, f is not changed
by the rotation, as it is the total thrust magnitude. Note that
we adopt an abuse of notation, where the group action on the
state smono and the group action on the control action amono
are denoted by the same symbol g, i.e., it is understood that
(13) or (14) is chosen depending on the proper context.

Next, we show that the monolithic dynamic model is
equivariant.

Proposition 1. Let the equations of motion (7)–(10) be con-
solidated into

ṡmono = F (smono, amono), (15)

where F : Smono ×Amono → TSmono, and TSmono denotes the
tangent bundle of the state space. Then F is equivariant with
respect to the action defined in (13) and (14), i.e.,

F ◦ g = g ◦ F, (16)

where the action on TSmono is defined as (13).

Proof. From (7)–(10), we have

F (smono, amono) =


v

ge3 − f
mRe3

RΩ̂
J−1(M − Ω× JΩ)

 .

Then, F ◦ g is

F (gsmono, gamono) =


ρθ(g)v

ge3 − f
mρθ(g)Re3

ρθ(g)RΩ̂
J−1(M − Ω× JΩ)

 .

This is identical to g ◦ F as ρθ(g)e3 = e3 for any θ.

https://youtu.be/TGBQTuKpbAw

